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Abstract A known generalization of the Stillinger-Lovett sum rule for a guest charge im-
mersed in a two-dimensional one-component plasma (the second moment of the screening
cloud around this guest charge) is more simply retrieved, just by using the BGY hierarchy
for a mixture of several species; the zeroth moment of the excess density around a guest
charge immersed in a two-component plasma is also obtained. The moments of the electric
potential are related to the excess chemical potential of a guest charge; explicit results are
obtained in several special cases.
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1 Introduction

One of us (L.S.) has derived a generalization of the Stillinger-Lovett sum rule for a guest
charge immersed in a two-dimensional one-component plasma [1]: an exact simple expres-
sion for the second moment of the screening cloud around the guest charge was obtained,
by using a mapping technique onto a discrete one-dimensional anticommuting-field theory.
In the present paper, we first show that the same result can be obtained in a simpler way by
just using the BGY hierarchy, which provides also more general results.

The excess chemical potential of a guest charge (which can be expressed in terms of
the charge density of the screening cloud) has an expansion in powers of the guest-particle
charge Ze, which allows to compute the average of powers (moments) of the electric poten-
tial.
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614 B. Jancovici, L. §amaj

We consider a classical (i.e. non-quantum) system of charged particles located in an infi-
nite two-dimensional (2D) plane of points r € R2. According to the laws of 2D electrostatics,
the particles can be thought of as infinitely long charged lines in the 3D which are perpen-
dicular to the 2D plane. The electrostatic potential v at a point r, induced by a unit charge at
the origin 0, is thus given by the 2D Poisson equation

Av(r) = —278(r). (1.1)

The solution of this equation, subject to the boundary condition Vv(r) — 0 as |r| — oo,
reads

v(r) = —ln<£>, (12)

where r = |r| and the free length constant L, which determines the zero point of the poten-
tial, will be set for simplicity to unity. The Fourier component of this potential 3(k) o< 1/ k>
exhibits the characteristic singularity at k = 0, which maintains many generic properties
(like screening) of “real” 3D charged systems.

A general Coulomb system consists of M mobile species « = 1,2, ..., M with the cor-
responding charges e, (which may be integer multiples of the elementary charge e). Mobile
particles may be embedded in a fixed uniform background of charge density p,. The most
studied models are the one-component plasma (OCP), which corresponds to M = 1 with
e; = e and p, of opposite sign, and the symmetric two-component plasma (TCP), which
corresponds to M =2 with e; = e, e; = —e, p, = 0. The interaction energy of a configura-
tion {r;, ey, } of the charged particles plus the background is

E=Yeyeqv(ti —1i)+ Y eadp(r:) + Epy, (1.3)

i<j i

where ¢, (r) is the one-body potential created by the background and the background-
background energy term E;,_, does not depend on the particle coordinates. In the case of
point particles, for many-component systems with at least two oppositely species, the singu-
larity of the Coulomb potential (1.2) at the origin r = 0 prevents, for small enough tempera-
tures, the thermodynamic stability against the collapse of positive-negative pairs of charges.
In those cases, one introduces to v a short-range repulsion which prevents the collapse.

The Coulomb system is considered in thermodynamic equilibrium, at inverse temperature
B =1/(kgT). The thermal average over an infinite neutral system will be denoted by (- - ).
In terms of the microscopic density of particles of species o, g (r) =), 80, 8(r — I;),
the microscopic total number density and the microscopic total charge density are defined,
respectively, by

A=Y da®), A= euia(r)+ pp (1.4)

The microscopic electrostatic potential created by the particle-background system at point r
is given by

J)(r):/dr/v(r—r/)ﬁ(r/). (1.5)

At the one-particle level, the homogeneous number density of species « and the total particle
number density are given respectively by

ng = (g (1)), n = (n(r). (1.6)
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Guest Charge and Potential Fluctuations in Two-Dimensional Classical 615

The charge density p = (6(r)) vanishes due to the charge neutrality of the system. At the
two-particle level, one introduces the translationally invariant two-body densities

no(r—r) = <Z B S(X — 1)80r o, (X — r.i)>
i#]

= (e (DA (X)) = (g (1))84,08(r —1'). (1.7)
It is useful to consider also the pair distribution functions

2 /
iy e (IE=T))
8o (Ir —T[) = ==, (1.8)

NgNy

the (truncated) pair correlation functions sqe' = gao’ — 1, as well as the three-body analogous
quantities

(3) /7
2, r,r
”(r r r//) M (1.9)

gO(Ot o nana/na”

and the (truncated) three-body correlation function

R, e ) =g (1 1) = haw (I8 = 1) — B (I — 7))

—haro(I¥" — 1) — 1. (1.10)

The paper is organized as follows. In Sect. 2, we use the BGY hierarchy for studying the
general mixture of M species of mobile particles embedded in a fixed uniform background.
By taking the limit of one of the densities going to zero, we get the case of a guest charge.
We retrieve the second moment of the screening cloud around a guest charge immersed in
an OCP; we get also the zeroth moment of the excess total number density around a guest
charge immersed in a TCP. In Sect. 3, the general formalism for relating the moments of
the electric potential to the excess chemical potential of a guest charge is established. The
following sections study special cases when explicit calculations are possible: the high-
temperature (Debye-Hiickel) limit in Sect. 4, the OCP at fe®> =2 in Sect. 5, the TCP in
Sect. 6. Section 7 is a Conclusion.

2 Sum Rules for a Guest Charge Immersed in a Coulomb System

We wish to rederive and extend the result of [1] about the 2D OCP in which a point guest
charge Ze is immersed. Let the charge density at r knowing that there is a guest charge Ze
at the origin be p(r|Ze, 0). In [1], its second moment was shown to be

2 _ 2 pe’ 2,3
/drr p|Ze,0) = 2pen |:Z(l 1 >+Z 2 :| 2.1)

Our rederivation uses only the BGY hierarchy.
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616 B. Jancovici, L. §amaj

2.1 General Sum Rule for a Mixture with a Background

We start with the mixture of M mobile species, with a fixed uniform background, described
in the Introduction. Finally, we shall consider a mixture of only 2 species with respective
charges e; = e and e, = Ze; at the end, the density 1, will be chosen as 0, leaving only one
guest charge. But for being able to consider the TCP as well, we start with the more general
case of M mobile species. The neutrality constraint is

> neeu = —ps. 22)

The mixture with a background has been studied in three dimensions by Suttorp and van
Wonderen [2]. They used the BGY hierarchy and thermodynamical properties of the system
for deriving, among other things, a second-moment sum rule, which however involves some
thermodynamical functions (the partial derivatives of each density n, with respect to the
background density n,); there is no explicit expression for these partial derivatives. Fortu-
nately, we found that, in two dimensions, the formalism becomes much simpler and only the
BGY hierarchy has to be used (the thermodynamical properties are no longer involved).

The second equation of the BGY hierarchy [3], with Ay, (r) the correlation function
between a particle of species « at r and a particle of species «’ at the origin, is

B Vhaw(r) =~ 1y / At By (") eqeq Vo(le — 1))

o

— hoo (P)eqgey Vu(r) —eqeq Vo (r)

= ne / dr’ 1l (1,0, )eqe, Vo(Ir —1')). (2.3)
a//

The integral in the first term in the rhs of (2.3) is proportional to the electric field at r due to
the charge distribution A/, which has a circular symmetry around the origin. Thus, using
Newton’s theorem, one can rewrite this integral as

/ A’ heer (r"YVo(lr — ¥']) = Vo(r) A horer (r'). 2.4)

"

rt<r

The integral in the rhs of (2.4) can be written as [,_ ---= [---— [, .- and the perfect
screening of the charge e, gives [4]

> ewrnar / A o (") = —ey . (2.5)
Therefore (2.3) can be rewritten as

B Vhow (r) = €4 ) nareqrVo(r) | dr" hoyr (r") = haw (r)eqeq Vo (r)

—ea Y N / dr’ 1S, (r,0,1")eq Vo(r —1')). (2.6)

In order to make a second moment to appear, we take the scalar product of both sides of
(2.6) with r and integrate on r. Integrating by parts the lhs and performing the integration
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Guest Charge and Potential Fluctuations in Two-Dimensional Classical 617

on r first in the first term of the rhs, one finds

_2/3 /drhaa (}’) —TTey Zna/’ea”/drr hot ot”(r) + eqpey /drhaa/(r)

o

" 3) " ( —I'//) r
+€a Zna”ea” drd(r — r) hw,a,,(r 0 r )W

o

2.7)

(in the last term, since #® depends only on r and the difference r” — r, we have replaced the
integration on r” by an integration on r” — r). An important simplification has occurred in
2D where r - Vv(r) has the constant value —1, while in three dimensions, with the potential
v(r) = 1/r, one finds —v(r), a result which has led to a more complicated calculation in
[2].

Now, we multiply both sides of (2.7) by n, and sum on «. The term involving £® can
be simplified by using symmetries under permutations of the variables. Indeed, 1> has the
symmetry property

hg,a,/ (r,0,r") = hfj,)a,a (r",0,r). (2.8)

Thus, interchanging the summation variables « and «”, and the variables r and r”, we obtain

Znaeana,/emn/d(r” —0i® (x0.r )w
ac' o (l' _ r//)z

a,o

/! /!

3 " —r)-r
= Znaeanaweaw / d@” —r)h,, . (r,0,r )7//2
a,a” (l' -r )

1
=5 Znaeana//eau / d@’ =), . (r,0,1r"), (2.9)

where the last line is the half sum of the two first ones.
Using (2.9) in (2.7) gives

_2/371 Zna / drhaa’(r) = TTPp Zna”ea” f drrzha’o/’(r) + ey Znaea/drhaa’(r)
o o o

1 4 /)
3D naanares / drd@” =) h%, ., 0,r").  (2.10)

For the second term in the rhs of (2.10), perfect screening [4] gives —eé,. For the last term
in the rhs of (2.10), perfect screening gives

1
+§ anemna//ea// / drd@@” —1r)nl), ,(r,0,1r")
1
=-—3 Z Nyreqr (eq + eqr) / dr hyrr (r)

[e, Zna//e ,,/drhw//(r)] 2.11)
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618 B. Jancovici, L. §amaj

Thus (2.10) becomes the general second-moment sum rule
1 1
—Brpy Xa:naea / drr’hyy(r) = 5 ;na(4 — pe?) / drhgyq (r) — Eﬂei,. (2.12)

By multiplying (2.12) by ny e, and summing on «’, one recovers the usual Stillinger-
Lovett sum rule [3]. But (2.12) is a stronger sum rule.

2.2 Guest Charge in a One-Component Plasma

We come to the case of a mixture of two species, with charge e; = e and density n, charge
e, = Ze and density n,, respectively. We choose o’ = 2 in (2.12). For dealing with one
guest charge Ze only, we set n, =0, n; =n, —p, = ne; n times the integral of &y, is —Z,
by perfect screening. The sum rule (2.12) becomes

2 2
ﬂymzez/drrzhzl(r) = —2[2(1 — ﬁTe) + ZZﬁTe]. (2.13)

Since p(r|Ze, 0) =nehy (r), (2.13) is (2.1).
This result (2.1) can also be retrieved by a different method in the next subsection.

2.3 Another Derivation

(2.1) can be derived in another way if we assume that this second moment can be expanded
in integer powers of Z.

In the limit of small Z, the term linear in Z in (2.1) can be obtained by linear response
theory. Indeed, if we introduce a guest charge Ze, located at the origin, into an OCP, the
additional Hamiltonian is

H = Zed(0), (2.14)

where q3(0) is the microscopic electric potential created by the OCP at the origin. To first
order in Z, the charge density at r is

p(r|Ze,0) = —B(H(r) Zed(0))" = —Zeﬂ/dr/v(r/)m(r)ﬁ(r/))T, (2.15)
where (---)T denotes a truncated average. We define the Fourier transforms as
fk) = /drexp(ik -1) f(r). (2.16)
Then, the Fourier transform of p(r|Ze, 0) is
- 27 ~
,o(k|Ze)=—,BZeﬁS(k), (2.17)

since the Fourier trelnsform of v(r) is gn /k? and the Fourier transform of the correlation of
charge densities is S(k). For small k, S(k) has the expansion [3]
k? (1 — Be*/dk*

Sth)y= — —

2mp 472np2e? (2.18)
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Guest Charge and Potential Fluctuations in Two-Dimensional Classical 619

Therefore, we get the zeroth moment

/dr o(r|Ze,0) = —Ze, (2.19)

in agreement with equation (1.20) in [1], and the part linear in Z of the second moment
2.1).

It may be remarked that the k* term of (2.18) is related to the compressibility, which is
exactly known only for the 2D OCP [5]. Therefore, no extension to 3D, with a closed result,
seems possible.

In the opposite case of large Z, the impurity expels the mobile particles from a large
region around it, leaving only the background. Essentially, p(r|Ze, 0) = —ne for r < R,
where R is some large radius, and p(r|Ze, 0) =0 for » > R (there is a transition region [6]
of width of the order n~!/2, but in the limit of large Z, it gives a correction of lower order
in Z). The radius R is determined by the perfect screening condition (2.19) which gives
R? = Z/(;rn). The second moment is

e

/drr2p(r|2e, 0) = —nenR*/2=—27> 7 — o0, (2.20)

2an’

which is the Z? term of (2.1), and this is the highest-order power of Z in the second moment.
The same argument extended to 3D gives

2 _ 5/3 €
/drr pr|Ze,0)=—32Z) 75(4]”1)2/3, Z — 0. (2.21)
Therefore, in 3D, the second moment is not a polynomial in Z, and no exact formula valid
for any Z can be obtained by the present method.

2.4 Guest Charge in a Two-Component Plasma

A sum rule for the TCP can also be obtained from (2.12). Now, we consider a mixture of
three species, with charge e; = e and density n; = n,, charge e, = —e and density n, =n_,
charge e3 = Ze and density nj3, respectively. There is no background (p, = 0). We choose
o’ =3 in (2.12). Finally, for dealing with one guest charge Ze only, we setn; =0,n, =n_
(neutrality); the system is stable against collapse if Be? <2 and BZe? < 2. We call n =
n, + n_ the total density of the TCP. In (2.12) appears the quantity

nyh3 (r)+n_hyp(r)=n(r|Ze,0) —n, (2.22)

which is the excess density around the guest charge Ze. Then, (2.12) becomes a sum rule
for the zeroth moment of this excess density:

[artnrize.0—m= 222 (223
r(n(r —n]= . .
n e, n 1 pe
This result is a generalization of the compressibility sum rule [7]
on
drn(r|£e,0) —n]= -1 (2.24)
I(Bp)

with the use of the exact equation of state 8p = n(1 — Be?/4), where p is the pressure.
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620 B. Jancovici, L. §amaj

2.5 Mixture without a Background

In the case p, = 0, another derivation of (2.12) is possible starting from the known equation
of state [8]

2

ﬁp=2<l - %)na. (2.25)

o

The M-component plasma may be described in the grand-canonical ensemble, with M
chemical potentials 1, (actually [9], the system turns out to be neutral in the thermody-
namic limit, and M — 1 chemical potentials would suffice for determining the state of the
system; but here it is more convenient to use M chemical potentials). The pressure p is

given by Bp =lim(1/V)In &, where V is the volume (here area) of the system, & is the
grand partition function, and lim is the thermodynamic limit. Taking the partial derivative

of (2.25) with respect to S, gives
) (nana’ [ dr haa’ (I’) + na’&x,a’) P (226)

e
n,y:?(l— :

which is (2.12) with p, = 0.

3 Guest Charge and Potential Fluctuations

Putting a guest particle of charge Ze at the origin r = 0, the original Hamiltonian H, of
the infinite Coulomb system modifies to H = Hy + Ze$(0), where <i;(0) is the microscopic
electric potential created at the origin by the Coulomb system. The charge density around
the guest charge, at point r, is thus expressible as

(p(r) exp[—BZed(0)])

(r|Ze.0) = 4
priee (expl—BZep(0)])

3.1

where (- - -) denotes the thermal average over the homogeneous system with the Hamiltonian
Hp.

Let 1%, denotes the excess (i.e., over ideal) chemical potential of the guest charge, i.e.
the reversible work which has to be done to bring the guest particle of charge Ze from
infinity into the bulk interior of the considered Coulomb plasma. By the coupling parameter
technique [7], this chemical potential can be represented in terms of the charge density (3.1)
as follows

z
ug, = e/ daz’ / drv(r)p(r|Z’e, 0). (3.2)
0
With regard to the representation (3.1), u%, can be expressed as
e | (dexpd))
S (33)
0 (exp(xe))

Here, since the thermal averages are point-independent, we use the notation d; = ¢3(0).
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Guest Charge and Potential Fluctuations in Two-Dimensional Classical 621

Let us recall some basic information about the cumulant expansion. Let ¢ be a random
variable with the probability distribution P(¢). The cumulant expansion is defined by

(exp(x)) = exp (Z ) (34)

where x is any complex number and (q@l )c are the cumulants. They are combinations of the
standard moments (¢'). Differentiating the equality (3.4) with respect to x gives

doox ,\ o0 o0
Staem{Sie)iEta. o

1=0 =1

Equating the coefficients of the same power of x in both sides of (3.5) gives the recursion
formula
-1

-1 2k -k
—;(k_l)«b Je(d' ). (3.6)

The first cuamulants read

($)e = (@),
(%)e = (@%) — (@)". (3.7)
() = (9%) —3(67)(d) +2()°,

etc. In the theory of fluids, the cumulants of type (3.7) are referred to as truncations, and

therefore we shall use the notation (¢'), = (¢')T.
Since it holds

(pexpxe)) _ d
(exp(xg))  dx

the excess chemical potential (3.3) is expressible as

In(exp(x¢)), (3.8)

—Bug, = In(exp(—BZed)). (3.9)

Based on the recapitulation in the above paragraph, %, is expressible either in the form of
a cumulant expansion

2 (—=BZe)
- M%‘e=27( pze) (@7, (3.10)

I
=1

or in the form of the standard moment expansion

V4
exp(—Bu3,) = (exp(—BZed)) _1+Z ’3  $). (3.11)

It stands to reason that the expansions (3.10) and (3.11) are valid provided all moments exist.
We conclude that the knowledge of the excess chemical potential of the guest particle with
an arbitrary charge provides the exact information about all moments of the electrostatic
potential at a point of the infinite homogeneous Coulomb system.
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622 B. Jancovici, L. §amaj

Going to the infinite system via the thermodynamic limit of a finite system with a disc
geometry [10], the fluctuations of the potential at any point become infinite due to the pres-
ence of dipoles near the boundary. Here, the potential moments are defined directly for an
infinite space, without the presence of a boundary. This corresponds to going to the infinite
system via the thermodynamic limit of a finite system, e.g., with periodic boundary con-
ditions, formulated on the surface of a sphere and so on. We thus expect that the average
potential at a point is equal to zero and all its moments are finite.

Since in 2D the potential (1.2) is dimensionless, qg has the dimension of the elementary
charge e. It is therefore useful to introduce the dimensionless microscopic quantity ¥ = b/e
with the probability distribution P (). Setting in (3.11) BZe* = ik, one gets

exp(—BuZ) |5 72—y = (exXp(—iky)) = / dy e X P(y) = P(k), (3.12)

—0o0

where P (k) is the Fourier component of the v -distribution. The original probability distri-
bution P(y) can be obtained by the Fourier inversion of this relation

= dk —i ex
P(W)=[ Ee v exp(_ﬁ/’LZe)’ﬁZeZ:ik' (3.13)

o0

All that has been said in this section is valid also for v being the pure Coulomb potential
plus any type of short-distance regularization.

4 High-Temperature Limit

The high-temperature (weak-coupling) limit of Coulomb systems is described rigorously
by the Debye-Hiickel theory [11, 12]. In 2D, the two-body Ursell functions U of charged
species are given by [13]

Uye (r, I’/) = ngiz/ (r, l'/) — NNy = _eanaea’na/ﬂKO(K|r - l',|), (41)

where K| is a modified Bessel function [14] and k = 278 )", e2n,)"/? is the inverse Debye
length.
The potential-potential correlation function can be calculated directly from the definition

(0)p()T = / drjv(r—r) / dry v(r2) (A(r)p(r))"

= /drlv(r— rl)fdrz v(r; — 1) (5(0)(r))". 4.2)
Using for the Coulomb potential the expansion in polar coordinates
(r —r) =—Injr; —ry| = —1 +i1 =\ 16, — 6y) 4.3)
v(r; —r)=—In|r; —r;|=—Inr. — — ) cos — .
1— I 1— I ACE 1— 02

=1

with 7 = min{ry, r,} and r. = max{r, r,}, and taking into account the screening sum rule

3]
/ dry (H0)p(ry)" =0, (4.4)

@ Springer



Guest Charge and Potential Fluctuations in Two-Dimensional Classical 623

the second integral on the rhs of (4.2) can be expressed as

/dl‘z v(rr = 1) (A (0)p(r2)" = —/ dry 27rs 1n< )(0(0)/0(1‘2)) . (4.5)

ry

Considering the charge correlation function

(BO) ()" Zeaea (U2 (£2) + Mo baer 8 (1)]

pel 2
= 3 4.6
(2)/30( r) + 2ﬂﬂ(r2) (4.6)
in (4.5) implies, after an integration by parts,
o K2

/drz v(r — ) (p(0)p(r2))" = ﬁKo(KH) 4.7)

Inserting this relation into (4.2) and applying once more the expansion (4.3) results into
BO$®) = —lnr — Ko(kr). (4.8)

This procedure will be repeated, without going into details, also in the cases treated in the
next sections.
The result (4.8) has the correct large-distance asymptotic [15]

B (¢(0)¢(r)) ~ —lInr. (4.9)
In the zero-distance limit » — 0, using the expansion
Ko(x) =—C —1In(x/2) + O(x*Inx) (4.10)

with C being the Euler number, the one-point second-moment fluctuation formula for the
potential reads

B(H)T =C +In(k/2). 4.11)

One can obtain the last result in an alternative way by considering the charge density
induced around the guest charge [1]

2
p(r|Ze, 0) = — Ze~— Ko (icr). (4.12)
2
Then, according to (3.2),
2

z
B, = —,BeZ/ 4z’ 7/=

[e]
/ dr 2nrInrKo(kr)
T Jo

/3(Ze)2

[C +In(k/2)]. (4.13)

With regard to the cumulant expansion (3.10), we recover the previous result (4.11).

From (3.10) and (4.13), all the higher-order truncated moments (é’)T with / > 3 vanish
in the Debye-Hiickel limit; this indicates a Gaussian distribution for the one-point potential
in this limit. We shall return to this problem and present all truncated potential moments, for
the TCP, in a high-temperature limit going beyond the Debye-Hiickel limit, in Sect.6.
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624 B. Jancovici, L. §amaj

5 One-Component Plasma at fe* =2

The 2D OCP is exactly solvable in terms of free-fermions when the dimensionless coupling
constant Be” has the special value 2 [16, 17]. In the thermodynamic limit, the two-body
Ursell function of mobile particles at distance r is

U(r) = —n*exp(—mnr?), (5.1
where n is the particle density. All many-body Ursell functions are known at the free-
fermion point, too.

The potential-potential correlation function can be calculated in close analogy with the
previous steps outlined between (4.2)—(4.8). Substituting the charge correlation function

(5(0)A(r2))" = —e*n’ exp(—7nr3) 4+ nd(r2) (5.2)

into the relation (4.5) and using an integration by parts, one gets

A T en 5
/drz v(r —){(p(0)p(ry)) = TF(O,ﬂnrl), (5.3)
where
r(x,t):/mdss*”eﬂ (5.4)

is the incomplete Gamma function. From (4.2), one thus obtains
2 2 T 1 —mnr? 2 2
Bld(0e(r)) = —Inr + E[e — (1 +mnr)T(0, Tnr?)]. (5.5)

This result has the correct large-distance asymptotic (4.9). In the zero-distance limit, it yields

oyt _ 1
(@) =11+ C+Inxn)l. (5.6)

Note that the large-distance behavior (4.9) is universal, while the zero-distance limit (4.11)
or (5.6) depends on the coupling constant Se?.

All potential moments are available for the present system due to the knowledge of the
induced charge density around the guest charge [1, 18]:

_ I(Z, wnr?)
p(r|Ze,0)_—enW, Z>0. (57)

By using the relation (3.2), one obtains after some algebra [18]

ZZ zZ
—Buz, = 7[1 +In(zn)] —/ Az’ 7'y (1+ 27", (5.8)
0

where 1 is the psi-function defined by
d
Y(x)=—1InT(x). 5.9
dx
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Its Taylor expansion around x = 1 reads [14]

Y+x)=-C+ Y (-D'¢x"", (5.10)
=2
where
=1
(=3 5 (5.11)
k=1

is the Riemann zeta function. Considering the expansion (5.10) in (5.8) gives

(_l)lzl
l

72 i
S+ C+InGrm]+ ;

—Bug, = U —1). (5.12)

The comparison of this expansion with the cumulant expansion (3.10) implies

2

(#)" = 1 +C +InGrn)), (5.13)
)
(@HT = %(1—1)!;(1—1), >3 (5.14)

Note that the second-moment formula (5.13) is identical to the previous one (5.6) derived
by the direct calculation from the definition.

6 Two-Component Plasma
6.1 Collapse Point fe? =2

The 2D TCP of +e charges is mappable for the special value of the coupling constant
Be? =2 onto the Thirring model at the free-fermion point [19, 20]. Although this coupling
corresponds to the collapse threshold for the pointlike particles, and therefore for a fixed fu-
gacity z the particle density is infinite, the Ursell functions are well defined. Their two-body
forms read

2 2

m 2 m 2
Ui,i(r)=—<ﬂ> K3 (mr), Usp=(r) = <E> K2 (mr), 6.1)

where m = 2w z. All many-body Ursell functions are also known.
Substituting the charge correlation function

2

2
(A0)p(ry))" = —2¢7 = [Kg (mra) + K7 (mr2)] (6.2)
2w

into the relation (4.5) and integrating by parts leads to

2
/ ars u(r, — 2 (POP)T = &5 Kimry). 63)
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From (4.2), one finds that

2
B((0)px)" =—Inr + @[yqzmr) — K2(mr) — Ko(mr) Ky (mr)]. 6.4)

This result has the correct large-distance asymptotic (4.9). In the zero-distance limit, it gives
B$HT =1+ C +In(m2). (6.5)
6.2 Stability Region 0 < fe? < 2

The system of pointlike e charged particles is stable against the collapse of positive-
negative pairs of charges provided that the corresponding Boltzmann weight exp[fe®v(r)] =
r=P¢* can be integrated at short 2D distances, i.e. when Be? < 2. The equilibrium statistical
mechanics of the neutral TCP is usually studied in the grand canonical ensemble, charac-
terized by the particle fugacities z, = z_ = z. The full thermodynamics of this system is
known [21, 22].

In the stability range of e < 2, the grand partition function = (z) of the 2D TCP can be
turned via the Hubbard-Stratonovich transformation (see, e.g., Ref. [23]) into

B [ Dy exp[—S(z)]

5 = Dy exp=SO)]'

(6.6)

where
S(z) = / dlr[i(w)2 - ZZcos(bgo):| 6.7)
167

is the Euclidean action of the (1 4 1)-dimensional sine-Gordon model. Here, ¢(r) is a real
scalar field and f D¢ denotes the functional integration over this field. The sine-Gordon
coupling constant b depends on the Coulomb coupling constant via

2
b:,/ﬂTe. (6.8)

The fugacity z is renormalized by the diverging self-energy term exp[Sv(0)/2] which dis-
appears from statistical relations under the conformal short-distance normalization of the
exponential fields [21, 22]

: : J 2
(e7 ¥ @ity ~lr—r|™* asr—r'| >0, (6.9)

where (- - -)sg denotes the average with the sine-Gordon action (6.7). The species densities
are expressible in the sine-Gordon format as follows

ne=2z("")q. (6.10)
The charge neutrality of the system ny =n_ = n/2 is ensured by the obvious symmetry

relation ()G = (e7¢) .
The excess chemical potential of the particle species forming the plasma is given by

n .
exp(—Bus,) = f = (). 6.11)
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It was shown in Ref. [24] that the excess chemical potential of a guest charge Ze immersed
in the plasma is expressible in the sine-Gordon format as follows

exp(—Busg,) = (€77 . (6.12)

When Z = %1, one recovers the previous result (6.11) valid for the plasma constituents.
Due to the symmetry relation (e'*), = (e7'%¢)g valid for any real-valued a, it holds that
H’?e = I'L?Ze'
The (1 + 1)-dimensional sine-Gordon model is an integrable field theory [25]. Due to
a recent progress in the method of the Thermodynamic Bethe ansatz, a general formula
for the expectation value of the exponential field (e7“?) was derived by Lukyanov and
Zamolodchikov [26]. In the notation of (6.12), a = Zb, their formula reads
2y 7(Zb)?/(1-b%)
M} expl1(2)] (6.13)

izb _
<e w)sG—|: F(bz)

with

[z d sinh’(2Zb1) A
1(2) _/0 T[2sinh(b2t)sinh(t)cosh[(l oy 2ebe ] 619

The interaction Boltzmann factor of the guest charge Ze with an opposite plasma counterion
at distance r, r—#¢’1Z!_is integrable at small 2D distances r if B Z|e < 2, i.e. |Z| < 1/(2b%);
this is indeed the condition for the integral (6.14) to be finite, so that the couple of (6.13)
and (6.14) passes the collapse test. Finally, using (6.13) and (6.14) in (6.12), one arrives at

nzl(1 — b?)
T ()

X b2
_ﬁNeZe=Zzl_b2 ln[ }—i—Ib(Z). (6.15)
We have to keep in mind that b> = Be?/4.
Comparing the cumulant expansion (3.10) with the result (6.15), in which the integral
I,(Z) (6.14) is expanded in powers of Z, one gets the explicit forms of the potential mo-
ments:

or_ € w2l (1 —b?)
" = r— ln|: o }
62 00 dr 1‘2 N
" Z/o‘ Tt [sinh(bzt) sinh(t) cosh[(1 — b2)1] ﬁe ], (6.16)
(AZI)T . e_21 /‘00 dt £2-1 ' as o
v o sinh(b?r)sinh(t)cosh[(1 — b))~ 77 .

The odd potential moments vanish for the symmetric TCP.

In the high-temperature limit Be? — 0 (b> — 0), (6.15) taken with z ~ n/2 reduces to
the previous one (4.13); one retrieves the second moment (4.11) and that all higher moments
vanish, as it should be. From (6.17), in the limit 5> — 0, one finds

N -2
Blp*HT = 32(1‘1)87(21 -2l -1), 1=2,3,.... (6.18)
These expressions go beyond the Debye-Hiickel limit of (6.15).
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628 B. Jancovici, L. §amaj

At the collapse point Se?> =2 (b*> = 1/2), the second-moment formula (6.16) reproduces
the previous result (6.5) and the higher-order moments (6.17) take forms

<$21>T=e2l%(21_1)!§(21—1), 1=2,3,.... (6.19)

All potential moments are finite also in the collapse region, up to the Kosterlitz-Thouless
critical point Be? = 4 (b*> = 1). We conjecture that, in the case of the hard-core regularization
of the Coulomb potential, the obtained result correspond to the limit of a vanishing hard core.

We end up this section by a comment about the possibility of a relationship between
the electrostatic potential $ and the sine-Gordon field variable ¢. This relationship was
suggested in many articles, see, e.g., Ref. [27]. The comparison of (3.11) and (6.12) implies

(o) = (=)' @p) (%) (6.20)

This means that, in view of one-point fluctuations, the fields ¢3 and ¢ differ from one another
only by an irrelevant scaling factor. On the other hand, the large-distance asymptotic of the
potential-potential correlations (4.9) is fundamentally different from the one of (¢(0)¢(r))"
The latter two-point correlation function has, like in every massive field theory, a short-range
exponential decay as r — 0o. We conclude that the electrostatic-potential interpretation of
the sine-Gordon field is not correct.

7 Conclusion

The general study of a mixture of M species of mobile particles, which may be embedded
in a uniform background, is simpler in two dimensions; the BGY hierarchy suffices for
deriving the general sum rule (2.12) relating the second moments and the zeroth moments
of the two-body correlations. Further work should be possible about this mixture.
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